The phenomenon of eigenvalue avoidance is of growing interest in applications ranging from quantum mechanics to the theory of the Riemann zeta function. Until now the computation of eigenvalues of the Laplace operator in planar domains has been a difficult problem, making it hard to compute eigenvalue avoidance. Based on a new method this paper presents the computation of eigenvalue avoidance for such problems to almost machine precision.
Numerical Results
Our example domain is a perturbed rectangle with coordinates in the complex plane 0, L,
L , where p > 0 is a small parameter and L ranges from 1/2 to 2. If p = 0 and L = 1, the domain is a square and the second eigenvalue is multiple. For p > 0 we can expect to observe eigenvalue avoidance as L is varied.
The left plot of Figure 1 shows the curves of the lower eigenvalues for the unperturbed rectangle (p = 0). The eigenvalue curves indicate an eigenvalue crossing at L = 1 between the second and third eigenvalue. Other eigenvalue crossings for higher eigenvalues also appear in the plot. If a small perturbation of p = 0.2 is introduced, the right plot is obtained. The eigenvalues now avoid each other, though still coming very close.
It is interesting to see what happens with very small perturbations. The two plots in Figure 2 show the subspace angles σ(λ) for various values of λ close to the second eigenvalue in the critical case L = 1. In [2] we proved that the true eigenvalues are close to the minima of the subspace angle curve. The left plot now shows the unperturbed case and the right plot shows the perturbed case with p = 10 −13
. In the right plot we have two well separated minima, pointing to two different eigenvalues, compared to only one minimum in the left plot. The small oscillations in the curve in the right plot are due to small errors in the basis caused by roundoff. But they do not influence the general behavior of the curve. It is interesting to observe that in the symmetric case with p = 0 these oscillations are much weaker than in the perturbed case with p = 10 −13 . The figures in this paper show that our new method is capable of computing eigenvalue avoidance even if the perturbation and therefore the gap between the eigenvalues is almost on the order of machine precision. The same method also works for more complicated polygons and other regions with piecewise smooth boundaries.
